Introduction
Consider the problem of finding maps f: M--->N that are stationary for an energy functional such as fM IDfl p (where M and N are compact riemannian manifolds and p~>l). Such maps may be found by minimizing the functional, but if we minimize among all maps from M to N, then the minimum is 0 and is attained only by constant maps.
Thus in order to find nontrivial stationary maps, we would like to use the topology of M and N to define classes of maps from M to N in which we can minimize the functional.
For instance one could try to minimize among maps in a given homotopy class, but this is not possible in general (unless p>dimM), since a minimizing sequence of mappings in one homotopy class can converge (in the appropriate weak topology) to a map in another homotopy class. However, in this paper we show that it is possible to minimize among maps fwhose restrictions to a lower dimensional skeleton of (a triangulation of) M belong to a given homotopy class.
To state the results precisely we need to refer to certain Sobolev spaces and norms. We will assume without loss of generality that M and N are submanifolds of euclidean spaces R m and R ~, respectively, and we let Lip (M, N) denote the space of lipschitz maps from M to N. We define LI'p(M, R") to be the space of all functions fE LP(M, R n) such that there exist functions f~ E Lip (M, R n) and g E LP(M, Horn (R m, Rn)) satisfying
Ilfi-fll,, +llOf,-gllp ---> O.
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(One can show that any two weak derivatives off are equal almost everywhere, so ]]flll,p is well-defined.) We also define:
L1'P(M, N) = {fE LLP(M, Rn): f(x) E N for every x E M}.

Finally, we let HI'P(M, N) be the weak-bounded closure of Lip (M, N) in LI'P(M, N).
That is, fEHI 'P(M, N) Recall that the d-homotopy type of a continuous map from M to N is the homotopy class of its restriction to the d-dimensional skeleton of M. Our main results may now be stated. Su Q(x, f(x), Df(x) ) dx that is lower semicontinuous with respect to bounded weak convergence in L I'p and such that IAIP~<c(1 +Q(x, y, A)) for each x E M, y E N, and linear map A from Tan~ M to Tany N.
Although the values of d that occur in Theorems 2. i and 3.4 are different, in each case the result is in some sense optimal. For instance let l<p~<2 and let f/: OB3---)aB 3 be a sequence of conformal diffeomorphisms that converge almost everywhere to a constant map. Then ~u ]Df~] p is uniformly bounded and the f,., each of which is 2-homotopic to the identity map, converge weakly to a constant map, which is not 2-homotopic to the identity. This shows that d may not be replaced by d+ 1 in Theorem 2.1. Similarly, although the map f." B2--->aB 2 defined byf(x)=x/lx I is in LI'P(B 2, OB 2) for l~<p<2, curves that are homotopic in B 2 can have images (under f) that are not homotopic in aB 2. This shows that d may not be replaced by d+ 1 in Theorem 3.4.
Note that these theorems imply that each fin LI'P(M, N) On the other hand, there are no known partial regularity theorems for the minimizers fEH1 'P(M,N) given by Theorem 2.1. (The proofs of the regularity theorems mentioned above do not readily generalize to H~'P(M, N) because they involve comparison maps that may not lie in H~'P(M, N) 
.)
In case M is a manifold with nonempty boundary, one can also find nontrivial stationary maps by minimizing the functional subject to Dirichlet boundary conditions (indeed, Some cases of the results presented here were already known. In particular, R. Schoen -..k<-..[p -1] , and F. Burstall [B] showed that L L2 maps determine conjugacy classes of homomorphisms of the fundamental groups.
The organization of this paper is as follows. Section 1 contains some basic definitions and lemmas. Sections 2 and 3 are about H ~'p and L ~'p maps, respectively, and are independent of each other. Section 4 is about the dirichlet problem for L Lp maps and depends on Section 3.
Preliminaries
Throughout this paper, M and N are compact riemannian manifolds. We will assume without loss of generality that M and N are submanifolds of euclidean spaces R m and R n, respectively. More generally, N need not be compact, or even be a manifold: the proofs only require that N be a closed subset of R n and that there be a retraction of an e-neighborhood of N onto N.
We will also assume that M has been triangulated.
IfX is a polyhedral complex, we let X k denote the k-dimensional skeleton of X. We say that a d-dimensional polyhedral complex X is a regular polyhedral complex if it is the union of its d-dimensional cells and if for every connected open set UcX, the set U\X <d-2) is also connected. Note in particular that the d-skeleton of a manifold is regular.
If X is a polyhedral complex or an open subset of R m, we define the spaces
LI'P(X, R~), LI'P(X, N), and HI'P(X, IV) exactly as LJ'P(M, R~), LI.P(M, N), and HLP(M,N)
were defined in the introduction. It is essential that elements of these spaces be thought of as maps rather than as equivalence classes of maps. That is, we do not identify maps that differ on a set of measure 0 (even though the I1 norm of their difference is 0). The reason is that we sometimes refer to the restriction of an fE L~'P(M, R n) to a low dimensional subset of M; if f were merely an equivalence class of maps this would not be well defined.
If f is a continuous map, we let Ill denote its homotopy class.
The following two basic theorems will be used repeatedly. (1)
Consequently if f E L t'P(X), then f • equal almost everywhere to a C ~ function that satisfies (1).
Proof. First note that (1) Ilfklll.p~<e -1, it follows that there is a subsequence offk that converges in C ~ to a limit f. But then letting k--->~ in (2) 
Let W be a small tubular neighborhood of NoR ~ that retracts onto N, and let
6=dist(N, OW)
. Now we can choose r/ small enough that 2ric3K<6/3, and, having chosen r/, we can choose e small enough that C(rl) c 2 c I e<6/3. Then by (2)
IF I o ho-F 2 o hvl0,y ~ ]6 where cl depends only on R: U---~M. Let h: Md---~U be the inclusion map, and for vER m write ho(x)=h(x)+v. Then by (1) and the Fubini lemma 1.2, there exists a v with Ivl<dist (M d, OU) such that and so for every t E [0, 1 ], (1 -t) (E l o h o) (x) + t(F 2 o h o) (x) E W.
Thus 
. Let X be a regular polyhedral complex, U be an open subset of Rm, h:X--'>U be a lipschitz map, f ELI"u(U, Rn), and g be a distribution derivative off. Let 6=dist(h(X), OU). Define ho:X--->U by hv(x) = h(x) + v.
Then for almost every v E Bm(6), fo h v E L i'p and g(ho). Dh v is a distribution derivative offo h o.
Proof. Let f/: U---~R n be a sequence of smooth maps such that Ilf~-f4h,~-< 2-'. Thus since h is lipschitz
F(z) = ~ (If~(z)-j(z)lP +lDfii(z)-g(z)lP).
f(lfi o hv-fo ho[v + tD(fi o hv)-g(h~). Dh~) < 3x
SO II f, o h o-fo h o I1~ +liD(f, o h o) -g (h o)" O h o I I, ~ 0.
Hence fo h ~ E L I'p and has distribution derivative g(h o) .Dh o. [] P~oPosixioN 3.2. Let U be an open subset ofR m and let f E L I'P(U, N). Let X be a regular polyhedral complex of dimension d~<[p-1] that is contained in the d-skeleton of a regular (d+ l)-dimensional polyhedral complex Y. Let h: X---~ U be a lipschitz map that extends to a lipschitz map of Y into U. Then there is a homotopy class f#[h] of continuous maps from X to N with the following properties. For almost every v with Ivl<6=dist(h(X), aU), there is a continuous map gO: X-oN such that (1) fohv(x)=gV(x) for ~(k-almost every xEX k (O<~k~d).
(2) g~ extends to a continuous map from Y to N.
Furthermore, if ~p E Lip (X, U) is homotopic to h, then f~,[v2]=f#[h].
Proof. Define XcXx 
~((x, t)) = h(x).
Then X" is a regular polyhedral complex. By Lemma 3. I, for almost every v ~ Bin(b), fohoEL~ 'P(ff, N) . By the Morrey theorem 1.2, for each such v, there is a continuous map gO: X~N such that foho(x , t)=g~ t) for almost every (x, t) E.~, i.e.,
f(ho(x)) = g~(x, t) for ~a-almost every (x, t)E~'. (4)
For each x, {t: (x, t) E,~} is connected, so (4) implies that g~ t) is a function ofx alone.
Thus we may write fo hv(x ) = g~ (5) for ~d-almost all (x,t)E,~. In particular, (5) To prove the last statement, let
Then exactly as in the proof of (3) 
fl ,f2 ~ LI'P(U, N)
IIf, lh,p < g (i = 1,2)
I lfl-f211p < e
Proof. Let 6=dist (h(X), 0U). By the Fubini lemma 1.2, there is a set ofvEBm(6) of positive measure such that
hol p (Cl where c~ depends only on X and h. By Lemma 3.1 and Proposition 3.2, for almost every vEBm(6), fioho is essentially continuous, has distribution derivative Df,(ho).Dho, and
Let r/>0. By the Morrey theorem 2.1 there is a C(r/) such that 
Proof. Let Proof. By subdividing X, we may assume that ~0 is homotopic to a map u such that u(Xk)cM k for O<~k<~ [p-1] and such that u is affine on each simplex of X.
Recall that for almost all v ER" with Iv[ sufficiently small, there exist maps g~ E Lip (M tp-1], N) such that for O<~k<~ [p -1] and such that
Thus for almost every v with Iv[ sufficiently small,
and since u and ~0 are homotopic: for sufficiently large i. 
